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Fig. 5 Temperature response of the lunar surface.

where

• == (4/a2 + l)gs + (S sin<5)/(a2/4 + 1) (23)

and s • n is the scalar product of the solar ray unit vector s and
crater surface unit normal vector n.

Discussion of Results

The temperature relation for the shadowed region indicates
that for the case of qs = 0, the surface temperature of the cra-
ter approaches 0°R when 5 = 0, i.e., between sunset and sunrise
points. This is not in agreement with lunar surface tem-
perature data obtained by experimental methods. In effect,
the minimum lunar surface temperature is not lower than
^170°R, because of the thermal inertia of the lunar soil.
During the lunar day, the thermal energy penetrates into the
soil and at night, it reverses the direction and flows toward
the outside. As an approximation, the outward flowing heat
can be considered as a surface source in the heat balance equa-
tion for lunar night and lunar shadow conditions. Taking Ts
= 170°R as the minimum "level," the equivalent surface
source is

qs = =1.4 Btu/hr-ft2

Figure 4 illustrates crater temperature distribution for 3:1
and 8 : 1 aspect ratio craters at various solar elevations. Sha-
dow temperatures, which are constant, were computed based
on the surface source approximation. It can be shown that
by carrying on the source qs in the computation of the crater
temperatures in the sunlit region, the error introduced by the
approximation is less than 1°R for 5 = 90° and a 3: 1 aspect
ratio crater.

The black-body equilibrium temperature of the lunar plain
at 8 = 90° is approximately 250°F (710°R). In comparison,
the maximum temperature in a 3:1 aspect ratio crater is
300°F, in an 8 : 1 crater, 260°F.

Figure 5 illustrates the surface source approximation to ac-
count for the thermal inertia of the lunar soil. The response
curve was originally observed by Pettit and Nicholson1 and
later derived analytically by Jaeger.2 Recent data obtained
by Surveyor experiments are in good agreement with earlier
findings,3 with the exception of the numerical value of the ther-
mal inertia. It was suggested to change this parameter from
750 cm2-sec^-°C/cal to 500, although this change has only
slight effect on the temperature response curve.

In addition to the more realistic prediction of lunar crater
temperatures, the consideration of thermal inertia in the heat
balance equations suggests a qualitative explanation of local-
ized temperature variations on the lunar surface. Saari and
Shorthill7 observed that some craters cooled less rapidly than
their surrounding regions. This anomaly was quite pro-
nounced at some craters, especially at Tycho. Although
Tycho is shallow, its surroundings are rough, covered with
smaller craters and other topographical features with signifi-
cantly lower aspect ratios. To clarify this question, however,
the transient solution of the crater heat balance equation may
be required.
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Nomenclature
Ap,As = nozzle plane and spherical exit area, respectively
At}Ab — nozzle throat area and missile base area, respectively
CFM = missile thrust coefficient = F/PCA t
D = missile diameter
F = thrust
L = nozzle length
m — mass flow rate
MsyMaz = nozzle-exit and freestream Mach numbers
pb,Pc = base pressure and nozzle stagnation pressure
p0,ps = ambient and nozzle exit pressure, respectively
r,r0,rb — Ps/Pc, Po/Pc, and pb/Pc, respectively
R = spherical exit area radius of curvature
To,Tc — stagnation temperatures, freestream and nozzle
ye,yt = nozzle-exit and throat radii
a. = nozzle cone half-angle
7 = specific heat ratio
r == T

1/2[2/(T + i)](7+D/2(7-i)
X = divergence loss factor = (!-[- cos«)/2
£ ==[27/(7» D]1/2

pt — throat radius of curvature
e = nozzle area ratio — Ap/At
eg = geometrical area ratio = A8/At
er = gasdynamic expansion ratio based on pressure ratio r
rj = base pressure correlation function

Superscript
* = variable nondimensionalized by throat radius

Introduction

IT was shown by Scofield and Hoffman1 that the adapted or
fully expanded conical nozzle does not yield maximum

thrust, and the condition for maximum thrust was derived.
However, in Ref. 1 and other studies which consider the design
of a thrust nozzle alone, ambient pressure is generally as-
sumed to surround the nozzle, and the effects that a flight ve-
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hide may have on the nozzle environment and performance
are not considered. In the event that the entire base of the
vehicle is not filled by the submerged nozzle exit, some base
area remains which can change the conditions for which the
nozzle was designed, thereby affecting the performance ob-
tained.

The pressure pb acting on this base area depends on the free-
stream Mach number and static pressure, the nozzle exit
Mach number and static pressure, the specific heat ratios of
the gases, the stagnation temperatures of the two streams, the
nozzle cone angle, and the ratio of nozzle exit radius to missile
radius. This paper presents a method for determining the
cone angle of a fixed-length, conical nozzle which yields max-
imum thrust on the base of a propulsion vehicle with a speci-
fied diameter. Boundary layer and nonisentropic flow effects
in the nozzle have been ignored. Only the vehicle base region
is considered, since other vehicle drag is assumed to be fixed
for fixed missile diameter and flight conditions. The flow
around the vehicle is assumed to be at ambient conditions
(i.e., Mm and p0), an assumption which can easily be removed
b}^ an analysis of the flowfield around the vehicle.

Analysis

The usual assumptions1 governing the one-dirnensional,
isentropic source flow of a thermally and calorically perfect gas
are made. Only those vehicle parameters concerning pb
and vehicle thrust are considered. The thrust equation for
the base of the propulsion vehicle is (see Fig. 1)

= \[mV8 + Asps] + Abpb (1)
where Vs and ps are evaluated on the spherical exit surface A8,
and pb is evaluated on the annular surface Ab. As usual, the
divergence loss factor A is assumed to account for three-di-
mensional effects. The thrust coefficient for the vehicle
base, defined as CFM

 = F/PcAt, is
CFM = X{Ff[1 - r^-D/T]i/2 + €gr} + [D*2 - \eg]rb (2)

For fixed values of 7, r0, D* L*, pt*j and Mm, the thrust coeffi-
cient is a function of the cone half-angle a and the nondi-
mensionalized base pressure, rb = pb/Pc* The condition
yielding maximum thrust is

dF/da = dCpM/da = 0 (3)

Differentiating Eq. (1) and dividing by da. yields
Ab(dpb/da) - m7.(sina/2)

ps - Pb = (dAb/da) (4)

In terms of nondimensionalized parameters, it can be shown
that Eq. (4) is equivalent to
r — rb =

(sing/2) r£[l - - [D*2 - Xeg] (drb/da)
deg/da) — e,, (sin a/2) (5)

To evaluate drb/da, an explicit relationship between pb
and a must be obtained. Data presented by Addy2 relate
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Fig. 1 Optimization model.
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Fig. 2 Effect of geometry on performance.

pb to p0, ps, Mm, 7, M,, a, T0/TC and ye/(D/2). We have
correlated Addy's data by a curve fit of the form

The six 77 functions are correction factors which are applied to
the nominal case for which f(p,/p0) was obtained; each factor
accounts for variations in the parameter denoted by its sub-
script and was obtained by a curve fit of the form TI = ri(ps/p0}t
Thus, Eq. (6) is a functional of the form pb = pb(ps). The
nominal case was: Mm = 2.0, 7 = 1.2, M8 = 2.5, a = 0°,
(T0/Te) = 1.0, and (ye/(D/2)) = 0.6 The nozzle gasdy-
namic expansion ratio er is related to the pressure ratio r by

The nozzle geometric area ratio eg is related to a, throat radius
of curvature pf*, and length L* by

eg = As/At = 2R*2(l - cosa) (8)

R* = L* seca + csca[l + P,*(l - seca)] (9)

We assume that eg = er. Thus, for a fixed-length nozzle and
a given p<*, Eqs. (7-9) yield a relationship of the form ps
— p8(oi)j which, when combined with Eq. (6), yields pb =
pb(a). The derivative drb/da can then be evaluated by dif-
ferentiating Eq. (6) with respect to ps and multiplying by
dps/da obtained from Eqs. (7-9) with L* and p«* fixed. Also,
deg/da can be found from Eqs. (6) and (7) to be

(deg/da) = 2R*{R* sina + 2(1 - cosa) [L* tana seca -

(1 + Pi*)cota csca. - pt* csc2a(tan2 a - 1)]} (10)

Using the foregoing relationships and a suitable base pres-
sure model, a value of nozzle pressure ratio satisfying Eq. (5)
is the value which will yield maximum thrust and at the same
time satisfy the imposed vehicle physical constraints. Equa-
tion (5) is solved for r by iterative techniques, using a FOR-
TRAN computer program. Multiple solutions are found and
some care must be exercised in choosing the proper one. In
addition, certain combinations of the nondimensionalized
parameters prove to be incompatible and do not permit a
solution.

Examination of Eq. (5) shows that p0 does not appear in
the optimization condition except for its influence on p6.
As would be expected, pb does depend upon p0 and is consider-
ably smaller than p0. Therefore, for a nozzle of fixed L*?
the optimization should predict a smaller nozzle exit pressure
and hence a larger area ratio than a nozzle designed for the am-
bient pressure. Predicted exit pressures were in all cases
greater than pb. Thus, flow separation due to over-expansion
did not occur, since the back pressure seen by the nozzle flow is
actually the base pressure. In some extreme cases, however,
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Fig. 3 Effect of vehicle size on performance.

it is possible that the flow could separate from the nozzle con-
tour.

An analysis of the terms in Eq. (1) shows that expanding to
lower pressures decreases the pressure thrust and base thrust.
Base thrust decreases are a direct result of the coupling be-
tween r and 7*5 (ps and p&), since r& decreases as r decreases.
Divergence losses also increase, since larger cone angles are re-
quired to obtain larger area ratios with fixed nozzle length.
However, the momentum thrust increases due to the increase
in velocity brought about by the further expansion. It is ob-
vious that the maximum thrust occurs at some point of trade-
off between the above terms.

Figure 2 is a plot of Eq. (2) for a particular set of operating-
conditions, illustrating the thrust maximums discussed above.
Also shown is the locus of (CV)MAx determined from the de-
sign condition, Eq. (5). Long nozzles (L* > 12) do not ex-
hibit a thrust maximum except at the limiting case of no base
area (i.e., e = 16). For a fixed L*, the performance peak oc-
curs at the trade-off point mentioned above, except for the
long nozzles which completely fill the vehicle base. Similar
trends were exhibited at different flight Moo's and vehicle
area ratios (proportional to D*2). Some care must be used to
insure that the base-pressure model is valid for the base area
under consideration.

For purposes of comparison, the optimum nozzles predicted
by Scofield and Hoffman1 for the specified operating conditions
were placed in a vehicle of the same external diameter as con-
sidered in the present analysis. In cases involving relatively
small-diameter vehicles operating at high r0, the predicted op-
timum nozzle required an exit area larger than the proposed
vehicle cross sectional area. This inconsistency cannot exist
in the present analysis, since vehicle diameter is one of the im-
posed physical constraints in the optimization. It should be

pointed out here that the truncated perfect and Rao nozzles
compared by Scofield and Hoffman1 can also be compared to
the results of the present analysis in a manner similar to the
above. Figures 3 and 4 present the thrust improvement ob-
tained by the present analysis over nozzles designed by the
Scofield-Hoffman technique. These results are indicative of
the performance increases obtainable using the proposed de-
sign technique. The magnitude of these improvements will
depend upon the base pressure model employed. However,
these results do exhibit trends which should be useful in de-
signing conical thrust nozzles when an annular base region is
present.
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RECENT investigations have shown that there is con-
siderable discrepancy between the radiant heat-transfer

predictions based on the diffuse, specular, and diffuse +
specular analyses and experimental data1'2 or more realistic
direction-dependent property models.1'3 The choice of the
model for the radiation characteristics of surfaces is most
critical for highly reflecting surfaces approaching the optically
smooth condition.1'2 The level of detail in the models which
is needed in radiant heat transfer calculations has not been
clearly established but appears to be most important when
predicting local radiant energy quantities such as the flux,
radiosity or irradiation.3 This Note compares results for
radiant heat-transfer calculations based on a directional
emission and reflection model1'3 with available experimental
data.2'4 A limited number of calculations based on the model
were carried out and found to be promising.1 The model
appears to be a good compromise between realistic level of
detail (where needed) and computational effort and is explored
here in more detail. Results are reported for two configura-
tions: 1) two parallel, infinitely long plates, and 2) two paral-
lel, infinitely long plates separated on one edge by either a
diffuse or a specular adiabatic plate (Fig. 1).

Model and Method of Solution

It is assumed that the geometric optics theory is valid for
radiant heat transfer and that the surfaces are separated by a
nonparticipating medium having an index of refraction of
unity. The radiation surface characteristics and temperatures
or heat transfer rates at the surfaces are assumed to be given.
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Fig. 4 Effect of flight conditions on performance.
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